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LIPSCHITZIAN MAPPINGS AND TOTAL MEAN CURVATURE
OF POLYHEDRAL SURFACES. 1
BY
RALPH ALEXANDER

ABSTRACT. For a smooth closed surface C in E? the classical total mean curvature is
defined by M(C) = }[(k, + k,) do( p), where k, k, are the principal curvatures at
p on C. If Cis a polyhedral surface, there is a well known discrete version given by
M(C) = 1Zl(7 — a;), where /; represents edge length and «, the corresponding
dihedral angle along the edge. In this article formulas involving differentials of total
mean curvature (closely related to the differential formula of L. Schlafli) are applied
to several questions concerning Lipschitizian mappings of polyhedral surfaces.

For example, the simplest formula ¥/, da; = 0 may be used to show that the
remarkable flexible polyhedral spheres of R. Connelly must flex with constant total
mean curvature. Related differential formulas are instrumental in showing that if f:
E? > E? is a distance-increasing function and K c E2, then Per(convK) <
Per(conv f[K]).

This article (part I) is mainly concerned with problems in E”. In the sequel (part
II) related questions in S” and H", as well as E”, will be considered.

1. Introduction. Suppose there are two pointsets { py, py,...,.p,} and
{405 91,---,9,} in a Euclidean space E " which are subject to the Lipschitz condition

(1) lg; — ‘Ij| <clp; - Pj| for each pair i, j.

There are natural questions of how various geometric functions of the two pointsets
are related, if at all. For example, if m > 1, the condition (1) will imply no general
relation between the m-volumes of conv{q,;} and conv{ p,}, the respective convex
covers in E™. The set diameter, Dia{p;} = max, ;jp, — p;, provides a simple
example of a positively related function in that Dia{g;} < c¢Dia{ p,}.

However, there are positive results which are less obvious. If the circumradius of a
pointset is defined to be the radius of the least disk which contains the pointset, a
theorem of Kirszbraun [9] implies that the circumradii of the two pointsets satisfy
R, < cR, In fact the author has given the following characterization of the
circumradius [1]: Let R be the circumradius of the FEuclidean pointset
{ Po» P1>- - -»P, }- Then 2 R? equals the maximum of the quadratic form

2
EIP,- - le XX
7
subject to the condition that (x,, x,,...,x,) is a probability vector, i.e., x; > 0 and

rx, =1
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It might be noted that the set diameter and circumstances belong to that class of
nonnegative geometric functions f for which (i) f(K) = f(K’) if K is congruent to
K’, (i) f(aK) = |a|f(K), and (iii) f is continuous with respect to the Hausdorff
metric on compact subsets. Many interesting problems have been raised concerning
the relationship of the Lipschitz condition (1) to various f. Several questions in
addition to those treated in the main body will be mentioned at the end of the
article.

An important additional property shared by the set diameter and circumradius is
(iv) f(convK) = f(K). So unless it is stated otherwise, K will always denote a
convex, compact subset of Euclidean space.

The present article treats those integral mean curvature functions M, or equiva-
lently Quermassintegrale, which satisfy in particular condition (ii) above. Any
integral mean curvature function satisfies (i) and (iii), at least when suitably
generalized in the manner of Minkowski (as in formula (4) below).

In E!, M(K) is the length of K; in E%, M(K) is Per(K ), the perimeter of K. For a
smooth body in E? the total mean curvature is given by the classical formula

(2) M(K) = [ 3(x +x;) do(p)

where the «; are the principal curvatures at the surface point p,.
A formula for the integral mean curvature for a smooth body in E” can be given
conveniently in terms of an integral over the spherical image:

(3) MK) = [ (m = D7(R() + o+ Ryy() do(u)

where R, = k;!, and $™ ! denotes the unit (m — 1)-sphere. It is clear from (3) that
M satisfies condition (ii). (See Firey [7] for a solution of the long-standing problem
of characterizing those functions f: $" — E! which can be represented as f(u) =
R,(u)+ --- + R,_,(u) for some convex body K'in E".)

A major advance in integral geometry was achieved by Minkowski when he
obtained the famous formula

(4) M(K) = [ H(u)do(u)

where H(u)= max{{x,u): x € K} is the usual support function for K. An
important feature of the formula (4) is that it defines the function M for any
bounded convex set in E™. Also, it is easily seen from (4) that M is continuous with
respect to the Blaschke-Hausdorff metric on compact convex subsets of E".

There exists yet another fruitful interpretation of the number M(K). There is a
motion-invariant measure on the oriented hyperplanes of E™ (a Crofton measure).
The space of oriented planes may be coordinatized by the points on the cylinder
Sm=1 x R. The point (u, r), r > 0, is associated with the plane of distance r from 0
and positive outer normal u; (-u,-r) is associated with the plane if the inner
normal is positive. The n-measure of a planeset is the usual cylindrical measure of
the coordinate pointset. The following formula can be deduced rather easily from
4):

(5) M(K)=3n{h:hnK=+ &}.
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One goal of the present article is to prove the following resuit.

THEOREM 1. Let the pointsets { py, P1,---,Pn} and {4y, 41, - -4, } in E™ satisfy the
Lipschitz condition (1). Then
©) M(conv({g,}) < cM(conv{ p,}).

In the sequel (Part II) we shall give an integral geometric proof of Schlafli’s
differential formula (which is briefly stated in §9), and give yet another proof of
Theorem 1.

Since in E2, M(K) = Per(K), we wish to state a corollary theorem which is of
independent interest. In fact it answers the original question which motivated the
present work.

THEOREM 2. Let the planar pointsets { py, pi,-..,p,} and {4y, 44, - - .q, } satisfy the
Lipschitz condition (1). Then
(7) Per(conv{gq;}) < cPer(conv{ p,}).

A basic result on a differential invariant involving the edges and dual-dihedral
angles of a deformed simplex (Theorem 4) leads at once to Theorem 1. Before
proceeding, we mention at least one unexpected by-product.

Recently, Connelly [6] has made the remarkable discovery of embedded poly-
hedral 2-spheres in E3 which are not rigid. Such surfaces, which are the only known
examples of embedded closed polyhedral surfaces that flex, are termed Connelly
spheres. The question of whether or not a Connelly sphere must flex with constant
volume has been raised (the bellows conjecture). Since the derivative formulas add
properly under simplicial decomposition in E3, we can at least obtain the following
theorem.

THEOREM 3. A Connelly sphere flexes with constant total mean curvature.

In addition to the proof using the principal method of this paper, two other
methods of proof for Theorem 3 are given in §9. In fact, if the reader wishes a direct
and elementary proof of Theorem 3, this may be obtained by first reading §3, and
then going to §9 for a direct proof of equation (11) valid for dimension n = 3. The
application to Connelly spheres is explained in a self-contained manner in §7.

In this paper the invariant measure 7 on the hyperplanes of E” plays an important
role, and the arguments involving 7 are essentially complete and self-contained.
However, much of what is done can be generalized to 7,, the invariant measure on
the r-flats of E”. Even though a thorough discussion of 7, is not included (complete
information may be found in Santalo’s book [11]), an extended version of the basic
differential invariant is outlined in §8.

The principal method of the paper exploits the fact that the first derivative of the
angular measure of a varying angle may be recovered from orthogonal projections
(Theorem 5). Apologies are offered in advance for the somewhat involved proof; we
were not able to find results of this type in the literature. It is hoped that our general
approach in this article will give still more information on questions of rigidity and
how this concept is related to mean curvature and perhaps to higher order curvatures
as well.
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2. Moving points in Euclidean space. Let { p, p,,....p,} and {q,, ¢;,...,9,} be
pointsets in E™. For 0 < ¢ < 1 we define p,(¢) in E>™ by

(8) pi(t)=(V1—1p,.Vrq,).

It is clear that p,() is a smooth (C®) path in E2" for 0 < ¢ < 1, and that for each
pair i, j,|p;(¢) — p;(#)| is a monotone function in 7.

Now suppose that m = n, and that the pointsets { p;} and {g;} are the respective
vertex sets of a pair of nondegenerate simplices; in addition assume that p, = ¢, = 0.
Let [<p,.(t), pj(t)>], 1<, j < n, denote the n X n Gramian matrix of inner
products. Note that

9 [<P1(t)s Pj(’)>] =(1- t)[<171» Pj>] + t[<qi’q/‘>]'

The equation (9) shows that for 0 < 7 < 1, the matrix [< p.(1), pj(t)>] is positive
definite since each of the two matrices on the right side of (9) is positive definite.
Hence the points { p,(¢)} are the vertices of a nondegenerate n-simplex in E*".
However, by choosing a smoothly changing reference frame, we may assume the
homotopy { p,(¢)} occurs in a fixed copy of E". We summarize these observations in
the following lemma.

LEMMA 1. Let { py, p1,----P,} and {qq, q1,---.4q,} be the respective vertex sets of
two nondegenerate simplices in E". Then there is a piecewise smooth homotopy
(Po(t), Pr(1). . \p,(D)} in E" such that: (i) |p,0) — p,(O)| = |p, — p,| and
|p,(1) — p,()| = |g; — q,| for each pair i, j; (ii) for each t, { p(1)} is the vertex set of
a nondegenerate simplex; (iii) for each pair i, j,|p;(t) — p,(t)| is monotone in t.

The homotopy (8) seems to be a very effective choice for the type of problem
considered in this article. For example, if the pointsets { p;} and {g,} both lie on a
sphere of radius R, so does the pointset { p;,(¢)}; and hence the homotopy may be
applied to metric inequalities on the sphere. A suitable modification also applies to
hyperbolic space. A strengthened version of the lemma, where for any ¢, p,(¢) is
moving for at most one value of i, can be proved via a compactness argument. This
refinement is useful for certain problems, but is unnecessary for the present work.

3. The total mean curvature of a simplex. Before proceeding, it is necessary to
introduce notation. If { py, p,,....p,} is the vertex set of a nondegenerate simplex K
in E", let e;; denote the segment joining p, and p;, and let /;; denote the length of ¢, ;.

Suppose that h is a hyperplane, orthogonal to e, ;, which cuts the interior of e, at
a point g. Now hy N K is a convex (n — 1)-polytope which possesses a certain
discrete Gaussian curvature f;; in h at the vertex . The number B;;, which does not
depend on the choice of 4, will be called the curvature of the edge e, ;.

The following formula for M(K ) is known [11, Chapter 13]:

(10) M(K)=C'12Bij1ij’
iy

where ¢, is a dimensional constant. There are various ways to prove (10), and at least
one method will appear later in this article.
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Next, suppose that K(z), a <t < b, is a collection of nondegenerate simplices in
E" determined by a smoothly varying vertex set { py(¢), p,(¢),...,p,(¢)}. Such a
collection will be called smooth. The homotopy discussed in §2 provides a useful
example of a smooth collection of simplices.

It is now possible to state a theorem on the derivative of total mean curvature. A
major portion of this article is devoted to its proof. (See §8 for an extended version.)

THEOREM 4. Let I,;(t) and B;;(t) be the associated edge length and edge curvature
function for a smooth collection K(t) of simplices in E". Then

(11) Zlij(t)d/dtﬂij(t)=0,
and hence |
(12) d/dtM(K(t))=anBij(t) d/dtlij(t)'

Throughout the article, the smoothness of B,;(¢) and certain related angle mea-
sures is assumed without proof. For general information on the structure of convex
polyhedra, see the book [8] of Griinbaum.

4. A dynamic formula in integral geometry. The possibility of using integral
geometry to study derivatives (or differentials) of geometric functions such as M
appears to have received little attention. Therefore it seems necessary to develop
from first principles several ideas to be used later.

In the classical development of integral geometry, fundamental notions such as
Quermassintegrale, kinematic formula, etc., involve integrals of bounded functions;
and hence the standard theorems of integration may be directly applied. This luxury
does not exist in the type of integral formula discussed in this section. There seem to
be many interesting problems in the general area, but we focus our attention and
ignore many obvious questions of generalization.

An angle A is defined to be a closed, convex, polyhedral cone in E”. If A is
contained in a k-plane, 4 is called a k-angle. The k-measure aA of a k-angle is
defined to be 6 *"V4’ where A’ = A N §"7!, and 0¥~V is (k — 1)-measure on the
unit sphere S”~!, which is understood to be centered at the vertex of A. The facets
of an angle will be termed the sides of the angle.

The angle A4 is determined by a vertex v and unit vectors u,, u,,...,u, which direct
the extreme rays of 4. We wish to define a smooth family of angles A(t),a <t < b,
as the family given by the smooth vector functions v(z), u,(¢),...,u,(z). It will be
understood that in the interval a < ¢t < b, the unit vector functions {u,(t)} direct
the exact set of extreme rays.

For the purposes of this paper it may be assumed that k = n — 1 and that
r = n — 1, the least number for which a4 could be positive.

Let A(z) be a smooth collection of (n — 1)-angles; and for the arbitrary point ¢ in
E", let H(g) denote the set of oriented planes which pass through g. There is an
obvious invariant measure . on H(gq), obtained by identifying each oriented plane
via its positive unit normal n(k) at g with a point on S"~ . Put p(H(q)) = o,_,, the




666 RALPH ALEXANDER

usual measure of $”~!, for normalization. Let A(4, t) be the (n — 1)-angle obtained
by projecting A(¢) orthogonally into A.

The remainder of the section is devoted to the proof of the following theorem.
Throughout the paper c,, d,, etc., will denote general dimensional constants depend-
ing only on n. The same symbols might denote other such constants later.

THEOREM 5. If A(t),a <t < b, is a smooth collection of (n — 1)-angles in E", then
(14) ddtad(t) =c,[ d/dtad(h,t)du(h).
H(q)

Before beginning the proof, some remarks are in order. The difficulty revolves
about the fact that d/draA(h, t) generally possesses unbounded singularities where
n(h) is parallel to an extreme ray of A(z). Consideration of the simplest situation of
a smooth collection of 2-angles of E> makes this clear. While formula (14) seems
natural, there seems to be no simple justification. In fact it will be shown in §10 that
no corresponding formula exists for d2/dt’a A(t).

Standard ideas of invariant measures in integral geometry show that for each ¢,
(15) aA(t)=c,,f ad(h, 1) du(h).

H(q)
It follows at once from (15) that
(16) d/dtaA(t) = }sizmi(t)C" » )At“[aA(h, t+ At) — ad(h, t)] du(t).
- q

Let {A,z} be a sequence of positive numbers such thata < ¢ + A;r < b for each i,
and ¥; At converges. If it is verified that (16) implies (14) as At tends to zero over
such a sequence, then the general validity of (14) follows at once. This is because any
sequence {A ¢} of nonzero numbers tending to zero contains a subsequence {47}
such that all terms are of the same sign and X, A ;7 converges.

Before proceeding further, the translation invariance in formula (15) allows
several simplifying assumptions which cause no loss of generality. First, since the
vertex velocity vector d/dt v(t) makes no contribution to the integral in (14), it may
be assumed that v(t) is constant. Second, since the location of ¢ does not influence
(14), (15), or (16), it may be assumed that v = q.

Also, it will be understood that any sphere mentioned in the remainder of this
section will be centered at ¢g. For convenience, if B is a subset of E”, let B’ denote
BnsS"L

The Lebesgue dominated convergence theorem will be used to show that the limit
may be taken inside the integral in (16), and thereby establish (14). In order to
accomplish this it seems necessary to obtain a tractible bound for

|A,ad(h, t)|=|ad(h, t + A) — ad(h, )]
The following lemma provides a suitable estimate.

LEMMA 2. Let ny, n,,...,n; be the normals to the sides of a k-angle A in E*X.
Suppose the angle is perturbed. Then

(17) Aad| < d, Y |An.
i=1

J
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PrROOF. The lemma is easily seen to be true when k = 2 (and s = 2, necessarily).
The general inequality (17) will be established via a covering argument. We may
assume that the vertex remains fixed.

Let hy, h,,...,h, be the (k — 1)-planes which determine the sides of 4, and let 4
be the result of perturbation. Note that for each j, h ;N S*~1is contained in a slab
W, of width 2|An | centered by 4 . Thus

s
ad <ad + Y ¥ VW,
j=1

and since
k-1
ok~ OW < 270, _,|A n|,

it follows that
ad —aAd <d, Y, |Ajn|.
j=1

The reverse inequality is obtained by merely reversing the roles of 4 and 4 while
noting that |[-An | = |An|. This proves the lemma.

It would be improper to employ, as one could easily do, more precise results such
as Schlafli’s formula (equation (41) in §9) in the proof of the lemma because this
would invalidate the application of Theorem 5 to such formulas.

The lemma allows |AaA(h, t)| to be estimated by means of a careful examination
of |An,(h, t)],j =1,2,...,s. To this end let S"~ ' liein E”, and h be an (n — 1)-plane
through q. If p, p # +n(h), lies on "1, the polar projection mapping ©, onto the
(n — 2)-sphere h’ is defined by letting ®,( p) be the unique point on 4’ where the
great circle arc from n( ) through p (the meridian through p) strikes 4’

If S*, k < n — 2, is a great sphere of $"~! not containing n(k), then ©®,[S*] is a
great k-sphere lying in /’. Balancing this helpful property is the fact that ©,, is not an
isometry. The mapping ©, is of central importance in the study of formula (14)
because if A(¢) is an (n — 1)-angle, not containing + n(4), then
(18) ad(h, 1) =c""2(0,[4(1)]).

The pointsets A’(¢) and A’(h, t) are spherical (n — 2)-polytopes. If A’(¢) has s
sides, then so will A’(h, t). The sides of A’(¢) will be determined by a collection
S773(1),...,873(¢) of (n — 3)-spheres which are mapped by ©, onto a collection
of (n — 3)-spheres S 3(h, t),...,8"73(h, t) lying in the (n — 2)-sphere 4’. When
n = 3 it is understood that an (n — 3)-sphere is a pair of antipodal points on S2.
(For the purposes of this paper it may be assumed thats = n — 1.)

Next suppose that S"73(¢), a <t < b, is a smooth collection of (n — 3)-spheres
on S"~!, none of which contain n(h), i.e., a collection determined by a smooth path
on the Grassmann manifold of (n — 2)-planes through gq. Put S" 3(h,t) =
0,[S" ()]

At each time ¢ the motions of $"3(¢) and S"3(h, t) determine two vector fields,
V(t) and V(h, t), respectively. The velocity at each point gives a vector and, taken
together, these vectors define V(¢) and V(h, t), which are special cases of Jacobi
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vector fields. It is clear that these fields are tangent to S” !, Also, it is convenient to
define the vector field N(4, t) by taking at each point of S”~3(h, t) the component
of V(h, t) which is normal to S"~3(h, t).

If W is a vector field, put |W| = sup{|x|:x € W }. Choose M so that [V(¢)| < M
for a < t < b. Compactness shows that such an M exists since |V(¢)| is a continuous
function of ¢.

If p(h,t) is the mimimum distance between n(h) and points of S" 3(¢), the
following vital inequality holds

(19) [V(h,1)| < 2Mp(h, 1),

The inequality (19) may be validated by observing that if p is on $"~3(¢), ©,(p)
may be calculated by first projecting p orthogonally to p* on 4 and then projecting
p* radially to ®,(p) on #’. If dp/dt is the velocity of p, it is seen that (d/dt)®,(p)
= 87 (dp*/dr), where § = |q — p*| and (dp*/dt), is the component of dp*/dt
which is normal to the vector g — p*. Since |(dp*/dt),| < |dp/dt| < M and 8
> $p(h, 1), the inequality (19) follows.

Because of the dimensional gap of 2 between (n — 1) and (n — 3) we have

(20) /;“pp(h,t)'ldp(h) < .

Since H(q) is compact the integrability of p~' is equivalent to local integrability.
That p~! is locally integrable is established in essentially the same manner as showing
|x| ! is locally integrable in E2.

The vector field N(h, t), introduced above, for the smooth famly S" 3(#4, ¢) in the
(n — 2)-sphere A’ has an especially pretty structure which is easy to visualize. The
field V(h, t) is certainly tangent to 4’, hence the field N(A, t) of components normal
to S"~3(h, t) is also. It is seen that there are antipodal points +p on S" 3(h, t)
such that |dp/dty| = |d(-p)/dty| = |N(h, t)|, while on the equatorial (n — 4)-sphere
for +p on S" 3(h, t) we have dp/dt,, = 0; here, x, is the N-component of x.

Next, let n(h,t) be the positive pole to S" 3(h, t) on the (n — 2)-sphere h’.
Observe that +d/dtn(h,t) = +(d p/dt)y so that

(21) IN(h, 1)) =‘%n(h,t) <2Mp(h, 1)

The inequality (21) uses (19) and the obvious fact that |N(h, t)| < |V(h, t)|. While
(21) shows that |(d/dt)n(h, t)|is p-integrable, still more calculation is necessary.

If a <t + At < b, then S""3(¢t + At) is contained in a tubular neighborhood #of
radius M|At| about S"3(¢); or equivalently, the Hausdorff distance between these
spheres will not exceed M |Az¢|.

Define F,(h) = 2/A,t if n(h) is in the tubular neighborhood ¢; of radius 2 M|A ¢|
about $"73(¢), and if n(h) lies outside #, define F,(h) = 4Mp(h, t)"'. Here the
sequence { A7} and the function p are as defined above.

Now

InChot+ 80) = n(h )] < [
0

A —
din(h,t+y)‘dy <2M[“p(h, 1+ ) dy.
t 0
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For any y satisfying 0 < y < A,t, each point of S" 3(h,t + y) is at least MA ¢
distant from the boundary of £, and, of course, interior to #,. Thus, if n(h) lies
outside of £, p(h, t + y) > MA,t. Also, it is always true that

[(h,t+ ) —p(h,t +y,)| < Mly, — y,| < MA.

We conclude that if 0 < y < At and n(h) lies outside _#,, then
p(h,t) <2p(h,t+y).
Thus in this situation

. B} A, i _
2MfA"p(h, t+y) dy <4M [Mo(h, 1) dy = 4MBp(h, 1),
0 0

and hence At~} |n(h, t + A;t) — n(h, t)| < 4Mp(h, t)7".
The previous work shows that for each i, the difference quotient At ~Y|A,n(h, t)|is
dominated by F;(h). Now

2 -1
@) [ E(du(h)< [ godu(h)+ [ aMp(h 1) du(h).

The second integral is over those A for which n(h) lies in #;".
The rightmost integral in (22) is finite by (20). The area of £, is less than

16M %, _,A;t?; so the second integral in (22) is less than 32M %, _,A 1.
Next set G(h) = max, F;(h). It follows by summing (22) over i that

f G(h)du(h)<32Mzo,,_3ZA,.t+4Mf p(h,t) " du(h).
H(q) i H(q)

Thus G(h) is integrable and dominates the sequence of difference quotients
{A:;7Y4n(h, 1))}
Finally, we consider the inequalities

(23) Ajad(h, )| <d, X |Ainy(h, 1) <d, A Y Gi(h).

j=1 j=1
The first inequality of (23) is obtained by applying Lemma 2 to A(k, ¢). The second
inequality is obtained by constructing G,(h) to dominate the sequence
{A,.t‘1|A,-nj(h, t)}, j=1,...,s in the manner described above. The p-integrable
function d,_,X;G; allows the dominated convergence theorem to be applied to (16).
This completes the proof of Theorem 5.

5. A proof of Theorem 4. Let K(¢), a <t < b, be a smooth family of nondegener-
ate simplices in E". If for a fixed ¢, the hyperplane 4 cuts the simplex K(¢) so that no
vertex p,(t) lies on h, we say that h properly cuts K(¢). Here h N K(¢) is an
(n — 1)-polytope whose vertices lie in the relative interiors of various edges of K(¢).
If g is such a vertex lying in the edge e, (¢), we define ¥,,(h, t) to be the discrete
Gaussian curvature in h at g for the (n — 1)-polytope A N K(¢).

If the plane h does not cut K(¢) properly, define v,;(h,t)=0 for all i, j.
Otherwise, define v,;(h, 1) = 0 for all pairs i, j where 4 does not cut e, ;(¢), and
define y; (h, 1) = ¥;,(h, t) if hcuts e, (¢).
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Since proper cutting is an open condition with respect to 7, we have the following
formulas for a hyperplane # which properly cuts K(7);

(24) ZYij(h’t) =0,_2,
i

(25) Y Ly, (h =0,
iy

We wish to integrate equations (24) and (25) term by term with respect to the
Crofton measure n on the hyperplanes of E”. At present we are unable to perform
any meaningful integration of the corresponding equations for second and higher
derivatives of v, (A, 1).

Suppose h passes through a point g in the interior of e, (), and let A(4, t) be the
dual angle in & at g so that v;,(h, 1) = aA(h, 1). If h = h, is orthogonal to e, (1),
then y;;(hy, t) = B;;(1), the edge curvature along e, () as defined in §3.

The key observation is that A(4, t) is the orthogonal projection of A(k,, t) onto h.
To see this, observe that an extreme ray in A(4,, ) is also normal to a facet of K.
Therefore the projection of this ray onto 4 will be orthogonal to a side of the interior
angle at g in h of h N K. Thus the projected ray is an extreme ray of the dual angle
atginhof h N K.

Proceeding to integrate equation (24), using (5), the following equations are
immediate since all functions are bounded;

20, s M(K(1)) = [ L, (h, 0) dn(h) = ¥ [v,;(h, 0) du(h).
iy iy
Next fix i, j and consider the equations

26 (h, 1) dn(h) = (. t)|cosO(h, t)|du(h) d
(26) fH[e,,(z)]YU( ) dnlh) -U;,,(z)mq)y’( ) (k. 0)ldu(h) dq

= CnBij(t)lij(t)'

The first equation in (26) is obtained by use of the fundamental differential
relation

(27) dn(h) =|cos 8(h, t)|dp(h) dq,

where 6(h, 1) is the angle between the unit normal n(4) and the segment e, (¢), and
dq gives linear measure on e, ;(¢). The verification that the inner integral equals
¢, B; () 1s an exercise on invariant measures.

Summing (26) over all i, j yields the formula (10), whose derivation was promised
earlier.

Before integrating equation (25) we observe that if ¢ is any point in E”, equation
(25) is valid on any plane in H(g) which does not contain a vertex p,(t); for if 4 does
not cut K(t), v;;(h,t) = 0, and (d/dr)v;,(h,1) = Ois a well-defined statement since
“not cutting” is an open property with respect to 7. It follows at once that (25) is
valid a.e. (p) and a.e. (7).
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The integration of equation (25) with respect to 7 clearly gives zero. However,
term-by-term integration leads to the problem of showing that

) [t anm =[] O leos 80 Dl (h) dg

= el (h) 2B,,(1).

The first equality in (28) follows from the previously discussed differential relation
(27) provided we can prove integrability. We proceed to analyze the inner integral
over H(q),

[y, (. Dlcos 8(h, )du (k).

As in the proof of Theorem 5, let {A,r} be a sequence of positive numbers
tending to zero so that L, Az converges. The previous integral equals

Yy e+ Ar) =y, (k1)
limit
Ait—0 A t

(hyt+At) =, (h,t
i Ak 3 i )|cosa(h,t)|d;u(h).
K

|cos @(h, t)|du(h)
(29)

= limit
Ayt—0

In explaining equation (29) first note that there is logical meaning to both sides
since v,;(h, t) is well defined independently of g due to the translation invariance of
the measures involved in defining angle projection onto A. This was discussed earlier
with regard to equations (14) and (15).

Since |cos (A, t)| < 1, the function G’ = d,_,XG, constructed (see (23)) in §4,
allows application of the dominated convergence theorem to interchange the order
of limit and integral. Thus (d/dt)y, ;(h, t)|cos§(h, t)| is p-integrable, and hence
(d/dt)v;;(h, t) is n-integrable according to the theorems of Fubini-Tonelli. More
precisely, the function G’(h) has an obvious extension to the entire set of planes
which cut the interior of e;;(#) (or any planeset, if need be), defined by G'(h,) =
G'(h,) for h, parallel to h,. Tonelli’s theorem may be applied to the nonnegative
function G’(h)|cos 8(h)| to show that G’(k) is n-integrable.

The right side of (29) may be expressed as

imit f y(h,t+ At)icos0(h, t + At)| — y(h, t)|cos 8(h, t)ldp(h)
(30) At—0 At
. [ lcos8(h,t+ At)| = [cos8(h, 1)]
kg(t)[ A y(h, t + At) dp(h),

provided both limits exist. The subscripts i, j, k are omitted in (30). The first limit in
(30) may be evaluated as

B(1 + Ar) — B(1)

limit ¢ (
Ar—0

At ) =g
Because p,(#) and p;(¢) are smooth functions of ¢, |Af| < K|A¢|; and it follows
easily that the integrand of the second limit in (30) is bounded. The bounded
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convergence theorem implies that this limit is

(31) fmq)%lcosﬂ(h,t)l-y(h,t)du(h).

If H, is identified with the sphere "~ !, it may be noted that the integrand of (31)
is antisymmetric with respect to the axis of $”"~! parallel to e, ,(#), and hence the
integral (31) is zero.

The preceding work shows that

f%}’(h, t)|cos 8(h, t)|du(h) = c, %,

and a simple application of Fubini’s theorem verifies the second equality of (28).
Summing over all i, j we obtain equation (11). The product rule for differentiation
gives equation (12). This completes the proof of Theorem 4.

6. Proofs of Theorem 1 and Theorem 2. For any convex body K in E™,
M(cK) = cM(K) for ¢ > 0. It follows at once that Theorem 1 is true for all ¢ if it is
true for ¢ = 1. Also, if { py, p1.....p,} and {q,, q,,...,q,} are pointsets in E"
which satisfy condition (1) for ¢ = 1, then the points may be moved slightly so that
condition (1) remains satisfied, but the pointsets are the vertex sets of two nondegen-
erate simplices in E”. If Theorem 1 holds in this nondegenerate case, then the
continuity of M with respect to the Blaschke-Hausdorff metric on compact convex
sets in E" shows that Theorem 1 is valid when m = n.

To deal with the nondegenerate case of n + 1 points in E”, use Lemma 1 to form
for 0 < ¢t < 1 a smooth family of simplices K(¢) with K(0) congruent to conv{g, }
and K (1) congruent to conv{ p, }. By Theorem 3,

M) = e, T8, (G2

and hence (d/dt)M(K(t)) > 0 because B;,(¢) > 0 and (d/dr)!;;(¢) > O for each
i, j. Thus M(conv{gq,}) < M(conv{ p,}).

Finally, if M’ and M are the total mean curvature functions on compact convex
sets in E™ and E", there is a constant b(m, n) such that

(32) M'(K) = b(m, n)M(K)

for K € E™ c E". The identity (32) is an easy consequence of formula (4); b(2, 3) =
ar, for example. Since the case m # n now follows at once, the proof of Theorem 1 is
complete.

As was indicated earlier, Theorem 2 is a diret consequence of Theorem 1. If, as
seems clear, Theorem 4 generalizes to smooth families of convex polyhedra in E”,
then Theorem 2 becomes a corollary to the special case n = 4. This is because if the
{ p;} and {gq,} are planar pointsets, the the homotopy (8) occurs entirely in E*. A
simple inductive argument allows one to assume that for all 0 < r < 1, p,(¢) is an
extreme point of conv{ p,(1)}.
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7. Polyhedral surfaces in E>, Connelly spheres. Let K(z) be a smooth family of
simplices in E>. There is the simple relation B, (1) =7 — a,;;(t) where a; (7) is the
measure of the dihedral angle along e, ;(¢). So in E 3, equation (11) is equivalent to

(33) T1,(0) () = 0.

Next suppose that C is a closed polyhedral surface in E3, along with its interior,
which has been triangulated by nondegenerate 3-simplices K, K,,...,K,. Suppose
that the O-skeleton vy, v,,...,v; is smoothly deformed for 0 < fr <1 as
{v:(2),...,v,(2)}, so that for each ¢, K,(¢),...,K,(¢) is a triangulation by nondegen-
erate 3-simplices of a closed polyhedral surface with interior C(¢); set C = C(0).

Equation (33) is valid in each simplex K, (¢) so that the sum over C(z) is zero.
However, if e,;(¢) is an element of the 1-skeleton which, except possibly for v,(¢) or
v;(t), lies in the interior of C(7), we have ¥, {a,,(): e;; € K\(¢)} = 2. Hence
Yyl (d/dt)a; ;. = 0. Therefore if we sum only those terms /,,(d/dt)a;; where
e, (1) lies in 3C(#) the result is still zero.

If e;; lies on 0C, B;; = m — a;;, where a,; measures the dihedral angle along e;;
interior to 9C. Define M(3C) = L{/;B,: e;; C dC}. (This agrees with the formula
given by Blaschke [3].)

The previous observations immediately give the following theorem.

THEOREM 6. Let C(t) be a smoothly deformed polyhedral surface in E* (as described
above). Then for e;; C 3C(2),

(34) 21,0 Sp,() =0,
and hence
d d
(35) ZM(GC(I)) = ZBij(l) Ftlij(t)'

As we remarked in the Introduction, Connelly [6] has given ingenious construc-
tions of embedded polyhedral 2-spheres in E* which flex, i.e., may be deformed in a
manner which causes no nontrivial deformation of any 2-face. It is easily seen that
there is no loss of generality in assuming that all 2-faces are triangles.

In a flex, (d/dt)l;;(t)= 0 for all i, j in (35), hence (d/dt)M(3C) = 0 which
implies M(dC) is constant during the flex. We restate Theorem 6 in a slightly
expanded form, although Connelly spheres are the only known embedded closed
flexible polyhedral surfaces. No example of positive genus has been discovered.

THEOREM 3'. Any flexible closed polyhedral surface in E* must flex with constant
total mean curvature.

Also, it might be observed that for a flexible polyhedral surface, repeated
differentiation of (34) yields

dr
(36) %L’jFIBi,’ =0, r=1.
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8. Extended versions of Theorem 4 and Theorem S. Let H,(q¢), 1l <r<n —1, be
the manifold of oriented r-flats which pass through the point ¢ in E”. There is a
natural invariant measure ¢, on H,(q). The structure of u, as well as that of 7,, the
invariant measure on the oriented r-flats of E”, is discussed by Santal6 in Chapter
12 of his book [11]. If 1 < k < r, let A(¢) denote a smooth family of k-angles, and
let A(h, t) denote the orthogonal projection of 4(¢) onto the r-plane 4. The ideas
used to prove Theorem 5 may be applied without severe modification to yield the
following extension. Here a represents (k — 1)-measure on S* 1,

THEOREM 5. d/dt aA(t) = c(n, r, k) [y (o d/dt «A(h, t) dp,(h).

Next, if K = conv{ p,...,p,} is a simplex in E", let Vie J = {igsits--eslns}s
denote the (n — s) volume of conv{ p,:i € j}, and let B; denote the measure of the
dual angle (an s-angle) at V.. The extreme rays of B, are the normals of the s
(n — 1)-faces of K whose intersection is V,. Clearly j ranges over ({) indices.
Corresponding to the formula (10) there is the following formula for C,(K), the

1,-measure of the s-planes which cut K:

(37) CS(K)=c(n,s)ZV;.Bj.

THEOREM 4'. Let K(t) be a smooth family of simplices in E”", and suppose
2 < s < n — 1. Then for those j with|j| = n — s,

dB.
(38) (0%,
and hence
dav,
(39) LC(K(1) = e(n, s) LB (1)

PROOF (SKETCH). Of those s-planes & which cut K(¢), almost all (n,) have the
property that & N K(t) is an s-polytope, all of whose vertices lie in the interiors of
various (n — s) faces of K(¢). Equation (25), with j replacing ij, may be integrated
with respect to . At a given point g in the interior of V; we have an analogue of the
differential (27): for s < n — s, dn, = c¢(n, s)|cos b, - - - cos 0 |du dq where dq in-
tegrates to (n — s) measure on V, and [cos#, - - - cosf| is the Jacobian of the
orthogonal projection mapping from the s-plane & to V,. If s > n — s, the Jacobian
takes the form cos @, - - - cos8,_,. The angle 6, is the minimal angle between 4 and
V,, etc. Equation (38) is validated by termwise integration of (25). A truly self-
contained discussion laying out all details, as in the previous proof for s = n — 1,
will be appropriate for 2 < s < n — 1 when there are more applications. It is hoped
that (39) will be useful in the study of higher order discrete integral mean curvature
as well as volume inequalities.

The case s = 2, which agrees with s = n — 1 for the important special case n = 3,
has several direct proofs. Two such proofs are given in §9, and thus our observations
about Connelly spheres will not depend on Theorem 5.
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9. Two direct proofs for the case s = 2; Schlafli’s differential formula. Let K(7) be
a smooth family of n-simplices in E”, and let G(¢) be an (n — 2)-face of K(z). Let
n(t) and n’(¢) be the outward pointing unit normals to the (n — 1)-faces of K(¢),
F(t) and F’(t), that have G(¢) as a common face. Let v(¢) and v'(¢) be vectors in the
hyperplanes of F(¢) and F'(t), respectively, that are outernormal to G(¢), and such
that

lo(2)|=|v"(2)] = Vol G(2).
Then

(40) —VolG(t)(‘;—?)=<%,v(t)>+<d7’;,,v'(f)>,

where B(¢) is the angle between n(z) and n’(t). Equations (40) can be seen for
instance by writing n, n’,v,v’ in a coordinate system for a 2-plane which is
orthogonal to the (n — 2)-face G. (This is illustrated in Figure 1). Then

n(t) = cos(t)n, + sinf(t)n,,
n’(t) = cos0(t)n, + sinb’(t)n,,
v(t) = Vol G()[sin8(t)n, — cos8(t)n,],
v'(t) = Vol G(t)[-sin 8'(¢)n, + cos 8'(¢)n,].
Clearly B(t) = 0'(t) — 0(¢); formula (40) follows from a direct calculation.

FIGURE 1

For each F(t) let v,(¢), i =0,...,n — 2, be the outward pointing normal to the
(n — 2)-faces of F(t), with length equal to the (n — 2)-volume of the corresponding
(n — 2)-face. The well-known observation of Minkowski that [n de = 0, where n is
the outer normal and the integral is over a closed surface, shows £"-2 v,(¢) = 0.

Summing over the various (n — 1)-faces F; gives = ,E,( dn;/dt, v, j(t)> =0, and
substituting (40) for each pair of terms corresponding to the various (n — 2)-faces of
K(t) gives formula (38) for s = 2.

It may also be noted that this derivation shows that a natural smooth version of
(38) for s = 2 is [div(dn/dt) de = 0, where n(t) is unit outer normal to a smooth
family of smooth closed hypersurfaces in E”. This smooth identity is an immediate
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consequence of Stoke’s theorem. Chapter 12 of Spivak’s book [12] discusses the basic
results on the rigidity of smooth surfaces. Though a discussion would take us too far
off course, we remark that the Herglotz integral formula can be used to show that a
smooth analogue of Theorem 3 does hold. However, no example of an embedded
closed bendable smooth surface is known.

The second direct proof is not self-contained in that Schlafli’s differential formula
i1s employed. However, in the sequel (Part II) this formula will be derived as an
application of the methods in the two articles. The book of Bohm and Hertel [4]
contains a detailed analytic derivation of the formula.

If K’(¢) is a smooth family of simplices on S”, then Schlafli’s formula says that for
ljl=n~-2

d 1

) 4 VO K=y ¥ B(0).

Here B/ and V;’ on S" are analogous to §; and V; in E". If K'(¢) lies on an n-sphere
of radius p, dimensional considerations show that the right side of (41) must be
multiplied by p?.

If K(t) is a smooth family of simplices in E", choose a point ¢ in E” and an
n-sphere T in E"*! which is tangent to E" at q. Let K’(¢) be the smooth family on T
obtained by radially projecting K(z) onto 7. It is clear that as p — oo,
(d/dt)Vol K'(t) and (d/dr)B/(t) are of the same order of magnitude as

(d/dr)Vol K(t) and (d/dt)B;(t), respectively. Thus for some constant c,
dVol K dp; .
c‘—>PZZV}d_tI» ljl=n-2.

dt -

Letting p — oo again leads to formula (38) for s = 2.

10. A simple example in E>. Let the smooth family K(¢) be given by p, = (0,0, 0);
p, = (1,0,0); p, = (0,1,0); p; = (0,0, 1), t > 0. It follows that

no= (2> +1)"X(e,1,1); n, = (-1,0,0);
n,=(0,-1,0); n,=(0,0,-1).

There are three distinct nonzero terms in formula (11) in this situation. The formula
< n,n j> = cos f3;; gives a desired formula. However, it turns out that conversion to
tan B;; generally gives simpler expressions. Summing gives

d d d
hy ;17:312 + 1y 5.323 + 1 EBSI
=2 % tan"'(-v2¢) + V1 + ¢2 %tan'l(—t‘lﬂ +1%)
+V1 + 12 %tan‘l(—~t‘1‘/17+7)
=20 +2) "+ +2) T+ (1 +207) =0,

as predicted by Theorem 4.
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A simple further calculation shows that ¥/, ,(d?/dt?)B, is not zero. This example
shows that there is no obvious generalization of Theorem 5 involving higher
derivatives of the projected angle since the resulting generalization of Theorem 4 is
false. Thus equation (36) says something special about flexible polyhedral surfaces.

11. Further problems and observations. Branko Griinbaum asks whether there are
any two-dimensional linear spaces other than E? for which Theorem 2 is valid. We
note that with the strong extra assumption that all p; lie on the boundary of
conv{ p;}, the conclusion is valid. This follows at once from the fact that for any
two-dimensional linear space there is a measure 7 on the linesets such that || p — ¢|| =
in{l:1 N pg #+ @}.(See G. D. Chakerian’s paper [5].) The general question remains
open even for four-point sets.

Assuming ¢ = 1 in the Lipschitz condition (1), G. D. Chakerian asks whether
Theorem 2 remains valid on S”. Fortunately, this question can now be answered
affirmatively. If K(¢) is a smooth family of simplices on S”, let C(¢) denote the
invariant measure of the great (n — 1)-spheres which cut K(¢). As a consequence of
Schlafli’s differential formula (41) the following relation holds via duality:

(42) L) = e, TB,(1) 21, (1).

Thus there is a direct analogy with formula (12). Further investigation will be
required to determine the spherical (and hyperbolic) analogues of formulas (11),
(38), (39). There will be a complete discussion of equation (42) in the sequel.

Let Dy,...,D, and Dj{,...,D; be disks of fixed radius R in E? with centers
Pos---»Psand pg, . .., p/, respectively. Klee [10] asks whether the condition | p; — p;| <
|p/ — pjl, all i, j, ensures that Area N D, > Area N D;. We ask if the stronger result,
Per N D; > Per N D/, must also follow. This question is pursued a bit further in the
next paragraphs.

Let us assume that 3D, N (N D;) # & for j =0,...,s, and let E = 3(N D;). The
centers p,,. .., p, are the vertices of the evolute of E, denoted by E*. It is easily seen
that E* = 9(N D*) where D¢,...,D* are disks of radius R centered at the vertices
of E, and that E** = E. There is the relation

(43) Length E + Length E* = 27R.

We therefore see that our question concerning Per N D, is equivalent to the
question: if | p; — p)| < |p/ — pj|for all i, j, is it true that Length E* < Length(E’)*?
The difficulty arises because generally there will be j for which 8D/ N (N D)) = &.

Now if R becomes large while keeping { p,} and { p/} fixed, the question on
Length E* becomes precisely the question answered by Theorem 2. This establishes
a direct link between Klee’s question and the results in this paper. There are
generalizations of (43) in higher dimensions which might lead to further conjectures
or counterexamples.

Let g,,...,q, be points in E2. Define a partial reflection to be a line reflection of a
subset of the g; through a line which does not enter the interior of conv{g;}. The
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complement remains fixed. Suppose {¢q;} and { p;} sastisfy the Lipschitz condition
(1) with ¢ = 1. Will there always be a (finite) sequence of partial reflections and
continuous distance nondecreasing planar homotopies taking g, to p; for each i? A
case analysis shows that the answer is affirmative for four-point sets.

R. V. Ambartzumian [2] has developed a very interesting combinatorial theory of
mean curvature and generalized Crofton measures. Do any of the results of this
article fit into the framework of his theory?
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